We obtain the Bethe Ansatz equations for the broken Z N -symmetric model by constructing a functional relation of the transfer matrix of L-operators. This model is an elliptic off-critical extension of the Fateev-Zamolodchikov model.
Introduction
In the two dimensional solvable lattice models with Ising-like edge interaction, the star-triangle relation [4] . Though this model has been still under investigation in [5] - [10] , the lack of a differencevariable parameterization in this model causes difficulties in analysis. Kashiwara and Miwa [11] proposed the broken Z N -symmetric model, and Hasegawa and Yamada [12] proved the STR for this model. Unfortunately the proof in [11] was wrong because of the incorrectness of the "ICU lemma" in their paper.
In this Paper, we study the eigenvalues of the transfer matrix Φ(u, See Appendix A for the notation of the theta functions. The zeros {u 1 , · · · , u 2nM } of ϕ(u) are described as follows
We call the equation (1.7) the Bethe Ansatz equation. The condition (1.9) follows from the double periodicity of ϕ(u) discussed in Section 4. We obtain the Bethe Ansatz equations above through a functional relation (1.13) for the transfer matrix of L-operators. These L-operators L(u) ∈ End(C N ⊗ C 2 ) were originally constructed by Sklyanin [13] [14] as a solution to the relation, where the upper indices 0, 1 and 2 mean that L ij (u) acts only on the i-th and j-th components of C N ⊗ C 2 ⊗ C 2 and as identity on the other component. We denote 3 the R-matrix of the eight-vertex model by R 8V (u) [15] [16] . We consider the transfer
We derive the functional relation
14)
by the method which Baxter employed to solve the eight-vertex model [15] [16] [17] .
The functional relations corresponding in the chiral Potts model and in the RSOS model associated with the eight-vertex were obtained in [18] and [19] , respectively.
We calculate the free energy of the broken Z N -symmetric model under the hypothesis that the solution of the Bethe Ansatz equations corresponding to the ground state consists of "strings of length N − 1". We show that, in the infinite lattice limit, the centers of these strings are distributed on the imaginary axis with the density 16) where τ = √ −1κ, and the free energy per site is
The last expression agrees with the result of Jimbo, Miwa and Okado [20] obtained by the use of the inversion-trick, and in the trigonometric limit of κ → ∞ it recovers the result of Fateev and Zamolodchikov [1] and Albertini [10] .
The organization of this Paper is as follows. In Section 2, we review necessary facts about the R-matrix of the eight-vertex model, Sklyanin's L-operator and the broken Z N -symmetric model. We derive the functional relation (1.13) in Section 3.
After showing commutation relations among Φ(u), L(v) and R, we obtain the Bethe Ansatz equations in Section 4. We calculate the free energy of the model under the string hypothesis in Section 5. Finally, in Section 6, we conclude with a brief discussion. We fix the notation and list the formulae for theta functions in Appendix A. Miscellaneous properties of the Boltzmann weights are summarized in Appendix B. We devote Appendix C to the proof of the commutativity between Φ and L.
Review of the Broken Z N Symmetric Model
We fix the notation for matrices. We denote the vector
for the eight vertex model satisfying (1.10). The R-matrix of the eight-vertex model R 8V (u) [15] [16] is a solution of the Yang-Baxter equation,
Its non-zero matrix elements are
The other elements not specified above are all zero. Here we denote θ 1 (u)θ 4 (u) by [θ 1 θ 4 ](u) for short. We usually suppress the elliptic modulus τ . When η = n N ,
where
The factors K b ia (u) and K jb a (u) are zero unless |a − b| = 1. We can identify these K(u)'s as the intertwining vectors appearing in the vertex-face correspondence [21] - [26] . Even in the Fateev-Zamolodchikov model these K(u)'s are different from the 3-spin object V 's in [2] [5] by definition. Their V 's are defined by the Fourier transformed images of the product of two Boltzmann weights. These two objects, however, should have an intimate relationship, because the transfer matrix L in the FateevZamolodchikov model is also constructed from V 's [5] .
Under the Z 2 -transformation which sends a to N − a, they change as
They satisfy the unitarity relations [27] 
In [12] , we determined the Boltzmann weights W and W of the broken Z N -symmetric model by the relations
(F ig. 8 and F ig.9)
From the above relations and (2.5), we have the Z 2 -symmetry
The equation (2.9) implies that W (a, b|u, v)=W (a, b|u − v) and that
The crossing symmetry
holds in this model. In the paper [27] , Hasegawa proved the crossing symmetry only from (2.9) and the unitarity relations (2.7) and (2.8). We thus have
without directly solving (2.10). We can see from (2.12) and (2.14) that the Boltzmann weights satisfy the reflection symmetry 15) respectively, the solutions to the recursion relations (2.12) and (2.14) under the normalization W (0, 0|u) = W (0, 0|u) = 1 are
Here all local state variables are to be read modulo N. See Appendix B for details.
Hasegawa and Yamada in [12] established the star-triangle relation (STR) in the
where ρ is a scalar function independent of a, b and c.
Functional Relation
In this section, we consider the transfer matrix of the L-operators and construct a functional relation for it. In the course of the calculation, we utilize the factorization
Then the transfer matrix L(u, v, w) of L-operators on the lattice of width M with the periodic boundary condition is
The final goal of this section is to establish the functional relation
where we define C(u, v, w) and f (u, v, w) by
This functional relation reduces to (1.13), (1.14) and (1.15) in the homogeneous case, u = v. We achieve this goal by the methodà la Baxter [15] [16] [17] , which states the following: Suppose that we can find C-valued functions φ (ν) j (b|u, v, w) (ν = 0, 1, 2, 3 and b ∈ Z/NZ) and matrices P j ∈ End (C 2 ) for j ∈ Z/MZ, which satisfy
Then we have
we can write (3.6) as
In the following, we will find a family of solutions to (3.5)
We will also prove that ψ's are proportional to the row vectors of the diagonal-to-diagonal transfer matrix Φ of the broken Z N -symmetric model,
The results (3.8) to (3.11) altogether implies the functional relation (3.2).
Now we start to solve (3.5). We write the matrix elements of P j as
and its first column vector
j ) as p j . Multiplying P j to (3.5) from the left and taking its first column, we have
For later use, we define the functions ∆ * (±) , ∆ * (±) , δ * and δ * by
The equations (3.12) constitute a system of 2N homogeneous linear equations in
It has a non-trivial solution if and only if the determinant of its coefficient matrix vanishes. Demanding this condition, we obtain
Later we find that the equation (3.13) restricts p j to a discrete set of values. When we parameterize p j as 14) and denote the dependence on p(c) simply by c and U α = u + αη, ∆'s and δ's become
Under the parameterization (3.14), the condition (3.13) holds if and only if either c j 's are all integers, or all half-integers. We restrict ourselves to the case that c j 's are all integers, because only in this case the relation (3.8) gives the functional relation (3.2). The system of equations (3.12) involves not all φ's but only φ
From (3.15) and (3.16), we can write φ
where the function φ (ν) (c, a, c ′ |u, v, w) is independent of j. Taking the determinant of both sides of (3.5), we find
We set det(P j ) to unity without loss of generality. Then the equations (3.15), (3.16) and (3.18) give
where we write φ a 's. We abbreviate u − w + αη and v − w + γη to A α and B γ respectively. Comparing (3.15) with (2.12) and (2.14), we have
Hence we find that φ (0) is a product of the two Boltzmann weights,
From (3.15) and (3.16), we obtain
The same procedure for φ (2) yields
By (3.21), (3.22) and (3.23), we can write φ (1) and φ (2) as
where f ac and g ac are functions independent of b. The equations (3.16), (3.21) and
where C(u, v, w) and f (u, v, w) were given in (3.3) and (3.4), respectively. The last equality is due to (B.4). In the same way, we obtain
The equations (3.24) and (3.25) become
Substituting (3.21), (3.26) and (3.27) into the definition (3.7) of ψ (ν) (u, v, w) and using the crossing symmetry (2.13), we obtain (3.9), (3.10) and (3.11). We have the functional relation (3.2) as a result.
Bethe Ansatz Equations
In this section, we give commutation relations among R, L(u) and Φ(v), and reduce the functional relation (3.2) to the functional equation among their eigenvalues. After discussing some properties about the zeros and poles of the eigenvalues of Φ(u), we derive the Bethe Ansatz equations (1.7), (1.8) and (1.9) for the broken Z N -symmetric model.
First we have
We give a proof in Appendix C. In the case of the homogeneous system, i.e., u = v and w = w ′ , the equation (4.1) means the commutativity of two transfer matrices
The star-triangle relation (2.16) gives by l(u) and ϕ(v) respectively, we can rewrite the functional relation (3.2) as
where from (3.4) and (3.3), f (u) and C(u) are 
where r is an eigenvalue of R. The poles of ϕ(u) are coming from only those of the matrix elements of Φ(u). We define 
The initial condition Φ(0) = Id (B.3) determines the normalization of const,
Assuming C(u j ) = 0 in (4.6) and substituting
We further assume that u k (k = 1, · · · , 2nM) are neither zeros nor poles of f (u), f (λ − u) and ϕ(u ± η). Then (4.13) becomes
We can write f (u) in (4.6) by (A.2) as
Then the left-hand side of (4.14) reduces to
. After shifting u k by λ/2, i.e., putting
we obtain the Bethe Ansatz equations for the broken Z N -symmetric model,
Density Function and Free Energy
In this section, we will calculate the free energy of the broken Z N -symmetric model By a string of length l and parity ν (= 0 or 1) with its center v α , we mean the following set,
for j = 1, 2, · · · , l, and v α : pure imaginary
We suppose that the following hypothesis holds in the infinite lattice limit [10] [9] [28] .
String Hypothesis for the ground state
The solution of the BAE's (4.15), {v j , j = 1, · · · , 2nM}, corresponding to the ground state consists of strings of length N − 1 and parity
More precisely, for finite systems the solutions of the BAE's may have deviations from strings. The hypothesis asserts that these deviations vanish in the infinite lattice limit. In the course of the following calculation we deal with the solutions of the BAE's as if they were genuine strings, since we are interested in thermodynamic quantities. Because all the matrix elements of Φ are real and positive, the Perron-
Frobenius theorem [29] shows that the ground state belongs to the sector of zero quasi-momentum [10] . The hypothesis implies that the ground state also belongs to the sector r = 1, and that the corresponding solutions are made up of M strings of length 2n. We denote them by
where w α 's are all real and taken as
Then the BAE's for the ground state becomes
where χ(w, a) is
Taking the logarithm of (5.3) and dividing it by 2 √ −1πM, we have 4) where the quantum number I β 's are integers and
Albertini et al. numerically investigated the 3-state Fateev-Zamolodchikov model [9] .
Their results indicate that the String Hypothesis holds. We assume that the centers w of the strings are distributed densely on the interval [ − κ/4, κ/4] in the limit of M large, and that the quantum numbers I β satisfy We now proceed to the calculation. We define the density function for w's by 8) which is positive and for any integrable function f (x),
holds. Considering the difference of (5.4) for I β+1 and I β
and letting M → ∞, we obtain
By (A.1) and (A.4), we can expand t(w, a) as
We denote the fractional part of x by {x} = x − [x], [x] being the Gauss symbol.
When we write the Fourier expansions of
the integral equation (5.10) gives
The coefficients A jk are
We obtain the density function for strings,
Using (A.1) and (A.5), we can rewrite it as
The free energy per site F (u) of the model is defined by 12) where ϕ(u) is the eigenvalue of the transfer matrix Φ(u) corresponding to the ground state. We can write ϕ(u) as
by (4.12), (5.6) and the String Hypothesis. Then the free energy per site is
Since ρ(w) is an even function, it is enough to integrate the even part of log D j (u, w).
We hence have
where D (e) j (u, w) and ρ (−1) (w) are
A little cumbersome calculation yields
Now F (u) has the final expression
It agrees with the result of Jimbo, Miwa and Okado [20] obtained by the use of the inversion-trick. In the trigonometric limit κ → +∞, the free energy formula (5.13) reduces to the integral
, which also agrees with the results of Fateev and Zamolodchikov themselves [1] and by Albertini [10] . The former was obtained by the inversion-trick, and the latter by the Bethe Ansatz method.
Discussion
The first main goal of this Paper is the functional relation (3.2). We obtain it as a functional relation for L(u). The diagonal-to-diagonal transfer matrix Φ(u) of the broken Z N -symmetric model appears naturally in this relation. We obtain the Boltzmann weights W and W of the broken Z N -symmetric model in the algebraic way different from that of [12] . We obtain W and W as the solutions to the relation (3.12). In [12] , they are the solutions to the relations (2.9) and (2.10).
The Bethe Ansatz equations ( The Fateev-Zamolodchikov model is the trigonometric limit of the broken Z Nsymmetric model. It has the Z N -symmetry besides the Z 2 -symmetry. Hence the Z N -charge q ∈ {−n, −n + 1, · · · , n − 1, n} is a good quantum number, where
Albertini [10] obtained the Bethe Ansatz equations and the formula for the eigenvalue ϕ F Z (u) of the diagonal-to-diagonal transfer matrix for the Fateev-Zamolodchikov model. They are The Hamiltonian H itself is modular invariant, H(τ ) = H(− 1 τ ). We will report on these accounts elsewhere.
A Theta Function
We summarize the necessary facts about theta functions in this Appendix. See [30] [31]
for proofs. We define θ 1 (u|τ ) by
where q = exp( √ −1πτ ). It is an odd function in u and has the quasi-periodicity
and satisfies
The other theta functions θ 2 , θ 3 and θ 4 are defined by
We abbreviate a product of theta functions of the same argument to, for example,
In this notation,
hold, where
is the Dedekind eta function. The necessary addition formulae are
In Section 5, we use the Fourier expansions, 5) which are valid for 0 < Im(w) < τ and v real. We are denoting the fractional part of
x by {x}. The expansion (A.5) is essentially the same as that of the Jacobi elliptic
The next lemma is fundamental.
Lemma 1 Let f (u) be a meromorphic function which is not identically zero and has the quasi-periodicity property
Denoting the zeros and poles of f(u) by u 1 , u 2 , · · · , u n and v 1 , v 2 , · · · , v n respectively, then we have
and
with C independent of u.
B Boltzmann Weights
In this Appendix, we list some formulae about the Boltzmann weights. Solving the recursion relations (2.12) and (2.14) under the normalization of W (0, 0|u) = W (0, 0|u) = 1, we have, for a, b = 0, 1, · · · , n,
we can extend the domain of the first argument of T (σ) k to all integers by periodicity.
With this convention we can rewrite the above expression of the Boltzmann weights simply as
We have in particular at u=0 and λ,
When we write u + aη as U a , the next identity for T
(B.4)
has the quasi-periodicity 
Successive use of (2.9) and (2.10) yields
W (b j , a j |v − w) W (a j , b j+1 |u − w)
By the unitarity relation (2.6), we have 
